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Fourier Series

» Recall the “modes” in oscillation: the periodic signal x(t)
with period T can be represented as

x(t) = izrk sin(2wkt / T)
N k=1

— Correct?

= (General form of a periodic signal x(t) with period T
— Add phase and D.C. offset

e )

x(t)=a, +% r.sin(2rxkt /T + ¢(k))

k=1
x()=a, + %E (a, cos(2mwkt | T)+ b, sin(27wkt / T))
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Fourier Series

= How can you get the coefficients?
— Use the orthogonality of sinusoids

T/2
f cos(2amt | T)sin(2nt / T)dt = 0

-T/2

2 T (m=n)
f cos(2mt | T)cos(2znt | T)dt =
s O(m=n)
= Coefficients
- f x(t)cos(2akt | T)dt -
—T/2 _ X(t)dt
T/2 —4;2

- f x()sin(27kt / T)dt
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Fourier Transform

= What if the signal is not periodic?
— An aperiodic signal can be approximated by 7T —
— Angular frequency w, =2k /T =2mx(kF) = w=2xf

Discrete frequency Continuous frequency

= The general form is converted to

x(t) = T(A(w) cos(wt) + B(w)sin(wt))dw

= The coefficients are to

Al(w) = l:)ix(t)cos(a)t)dt B(w) = lj‘x(t)sin(a)t)a’t
T T~y
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Fourier Transform

= Can we represent the transform in a simpler form?
— Combine A(w) and B(w) into a single term
— Amplitude and phase are explicit
— Explain the properties of Fourier transform easily
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Fourier Transform

= Euler’s identity

0

e’ =cosf+ jsinf

— Proof) Taylor’s series
—-lf 8=m e +1=0 (“the most beautiful equation in math”)

= Properties

o -6
cosf=5*¢ sin@ ==
2 2]
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Fourier Transform

= Plugging Euler’s identify in Fourier transform

x(t) = L j (A (w)cos(wt)+ B (w)sin(wt))dw
27
A(w)=rmA(w)= }x(t)cos(a)t)dt B (w)=nB(w)= jx(t)sin(wt)dt
= Fourier Transform

F(w)=A (w)- jB (w) = }x(t)(cos(cot) — jsin(wt))dt = jx(t}e‘jwtdt

F(w)= jx(t)e‘jwtdt
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Fourier Transform

= |nverse Fourier Transform

x(t) = L j (A (w)cos(wt) + B (w)sin(wt))dw

't — jot ot — jot
+e’ e

x(r)—— f (A (@)(——)+B @)~ o

x(t)—— f (A (@) - jB (@))e’™ + 1 (A (@) + jB (w))e " dw

x(t)—— f (= F(w)e’™ +— F(a))e"‘”)da) Real{— f F(w)e™ dw)

1 % .
x()=— | F(w)e’”dw
(t) M_{ ()
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Discrete-Time Fourier Transform (DTFT)

= DTFT

— Time is sampled
F(w)= Ex(n)e'j“’”

= |Inverse DTFT

— F(w) is periodic in frequency domain

1 7% -
x(=— | F(w)e'”"dw
(1) 2ﬂ_fﬂ ()
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Discrete Fourier Transform

= Now, what if the discrete signal is finite in length (N') ?
— This is the signal that we really handle

X(l’l) = [XO,XI,XZ,”',XN_I]

= We assume that x(n) is periodic with period N
— Periodic in time - Sampling in frequency

w=2xf — w,=27kf =2xk/N

Continuous frequency Discrete frequency
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Discrete Fourier Transform

= Discrete Fourier Transform

=

-1

X(k)=") x(n)e”*™"" = X (k) + jX, (k)

S
Il
()

— Magnitude spectrum: [X(k)|= A(k) = /X2 (k)+ X2 (k)

. _ _ -1 X[(k)
— Phase spectrum: £X(k)=0(k)=tan (XR(k))

= |nverse Discrete Fourier Transform
1 N-1 .
x(n) _ _EX(k)eJZJTkn/N
Nk=0
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(Extra) Discrete Fourier Transform

= Can we represent x(n) with a finite set of sinusoids?
— Finding A(k),¢(k)

x(n)= %;A(k)cos(zﬂkn /N +¢(k))

= QOrthogonality of Sinusoids
— Inner product between two sinusoids

N-1

S N/2 if p=gorp=N-
Ecos(Zyrpn/N)cos(Zﬂqn/N)) ={ ) f p=qorp q
n=0

otherwise N-I
Ecos(zn pn/ N)sin(2zgn/ N))=0
0 otherwise =0

N-1
Esin(2ﬂpn/N)sin(2ﬂqn/N)) ={ N/2 ifp=gq
n=0 -N/2 if p=N-gq
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(Extra) Discrete Fourier Transform

= Do the inner product with the signal and sinusoids
LS} x (kycos(umn/ N) - X (0sinin /Ny For) = Alk)cosO)
x(n)=ﬁk20(XR( Jeos(akn | N)=X,(R)sin@akn N)) 034 oty

X (k)= E_ x(n)cosLmkn/ N)| | X, (k)= —E_ x(n)sin(2wkn/ N)

We assume that A(k)=A(N —-k)

= Using Euler’s Identity

X(K) = X, () + X, (6) = 3 x(mpe 27"
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(Extra) Discrete Fourier Transform

= Now the inverse discrete Fourier transform is derived as

x(n)= iE_A(k)cos(Zthn /| N +0(k))

N-1
i A(k)( ](Zthn/N+@(k))+ —j(2.71’kn/N+@(k)))/2

N k=0

1 N-1

- (X(k) j2mkn/N +X(k)€ ]2]l'kn/N)/2
N k=0

1 N-1 ‘ 1 N-1 |
= Real{ — X(k)erﬂkn/N} _ X(k)eJZthn/N
5 E = E
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Fast Fourier Transform

= Matrix multiplication view of DFT

* |n fact, we don’t compute this directly. There is a more
efficiently way, which is called “Fast Fourier Transform
(FFT)”

— Complexity reduction by FFT: O(N?)—> O(Nlog,N)
— Divide and conquer

KAIST
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Examples of DFT
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Properties of DFT
= Linearity: ax,(n)+ bx,(n) <= aX, (k) + bX, (k)

Shift: x(n —m) <> e >N X (k)

Modulation (frequency shift): e’>™"x(n) <= X (k —m)

Symmetry

— If x(n) is real, the magnitude is even-symmetry and the phase is
odd-symmetry

Convolution:  x,(n)*x,(n) <> X, (k)X, (k)

x,(m)x,(n) <> X, (k)* X, (k)  (Duality)
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Zero-padding

» Adding zeros to a windowed frame in time domain
— Corresponds to “ideal interpolation” in frequency domain
— In practice, FFT size increases by the size of zero-padding

After Zeropadding (x4)

Before Zeropadding
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Demo: Fourier Series

= Web Audio Demo
— http://codepen.io/anon/pen/[PGJMK (additive synthesis)
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