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ABSTRACT
For binaural synthesis, head-related transfer functions (HRTFs) are commonly implemented as pure delays
followed by minimum-phase systems. Here, the minimum-phase nature of HRTFs is studied. The cross-
coherence between minimum-phase and unprocessed measured HRTFs was seen to be greater than 0.9 for
a vast majority of the HRTFs, and was rarely below 0.8. Non-minimum-phase filter components resulting
in reduced cross-coherence appeared in frontal and ipsilateral directions. The excess group delay indicates
that these non-minimum-phase components are associated with regions of moderate HRTF energy. Other
regions of excess phase correspond to high-frequency spectral nulls, and have little effect on cross-coherence.

1. INTRODUCTION

A head-related transfer function (HRTF) is typically
implemented as the cascade of a pure delay and a
minimum-phase filter as shown in Fig.1 [1, 2]. Using
this model reduces the cost of binaural synthesis by
shortening the length of FIR filters [3] and reduc-
ing the number of components needed in linear de-
composition methods [4]. In addition, smooth inter-
polation of head-related impulse responses (HRIR)
at discrete directions, necessary for simulation of
a moving sound source, highly benefits from the
minimum-phase representation [5].

Fig. 1: The minimum-phase model of HRTF

Studies to understand HRTFs in terms of minimum-
phase functions have been carried out by many au-
thors. Mehrgardt and Mellet [6] found HRTFs to
be nearly minimum-phase up to 10 kHz. Wight-
man and Kistler [1], in pursuing a principal compo-
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nent analysis, assumed that the measured HRTFs
are minimum-phase functions with interaural phase
differences approximated with a pure delay. Kulka-
rni et al. [7, 8] examined the validity of the the
minimum-phase model by subjective testing with
modified phase spectra including minimum-phase
plus delay, linear-phase, and reversed-phase plus de-
lay. They also analyzed the similarity between an
HRTF and its minimum-phase component. Plogsties
et al. [5] tested audibility of allpass HRTF compo-
nents. They showed that the allpass components can
be removed without audible consequences, except in
certain cases which can be ignored if the allphase
components are replaced with differences of group
delay at DC.

Although these studies employed different meth-
ods to estimate interaural time difference (ITD),
the common conclusion of subjective experiments
is that the minimum-phase model is indistinguish-
able from the HRTFs on which it was based if
the appropriate ITD is applied. This brings up
the question of whether this conclusion results from
human hearing insensitivity to the non-minimum-
phase components, or if HRTFs are themselves es-
sentially minimum-phase. In this paper we examine
HRTF phase, and show that HRTFs are essentially
minimum-phase.

As a means of evaluating the minimum-phase con-
tent of HRTFs, cross-coherences between HRTFs
and their minimum phase versions are computed.
The idea is that if the HRTF were a pure delay
followed by a minimum-phase system, the cross-
coherence would be 1.0, since the filters are time-
shifted versions of each other. We refer to this cross-
coherence between the original and minimum-phase
HRTFs as the retained coherence; the majority of
HRTFs have retained coherence above 0.9, indicat-
ing that the bulk of HRTF energy is minimum-phase.
Kulkarni et al. [7, 8] computed the retained coher-
ence for two subjects’ HRTFs and noted that the
vast majority of the HRTFs have retained coherence
above 0.9. It will be further explored in this paper.

Another approach to evaluate the minimum-phase
content of HRTFs is to examine the excess group
delay. When the excess group delay is a constant
function of frequency, the HRTF is a pure delay
followed by a minimum-phase filter. In measured
HRTFs, two distinct types of non-constant excess

group delay were found—one associated with regions
of moderate spectral energy and another associated
with isolated spectral nulls, both typically above 10
kHz. In the following, we explain HRTF retained
coherence and then the HRTF group delay.

2. HRTF COHERENCE

We begin by introducing some notation. The HRTF
at frequency ω and azimuth and elevation (θ, φ) is
denoted by H(ω; θ, φ). Suppressing the arrival di-
rection dependence, the HRTF may be written in
magnitude-phase form,

H(ω) = |H(ω)|ejϕ(ω) (1)

where |H(ω)| is the magnitude response and ϕ(ω) is
the phase response, which may be decomposed into
the minimum-phase response µ(ω) and the excess-
phase response η(ω),

ϕ(ω) = µ(ω) + η(ω). (2)

The group delay τ(ω) of H(ω) is defined as the neg-
ative derivative of the phase response,

τ(ω) = −Im
{
d

dω
logH(ω)

}
= − d

dω
ϕ(ω). (3)

In particular, the excess group delay γ(ω) is

γ(ω) = − d

dω
η(ω). (4)

Since the minimum-phase transfer function is

Hmp(ω) = |H(ω)|ejµ(ω). (5)

The HRTF may be written as the product of the
minimum-phase transfer function and the excess-
phase response,

H(ω) = Hmp(ω)ejη(ω). (6)

Note that in the standard HRTF representation used
in binaural synthesis, the excess-phase response η(ω)
is a linear-phase characteristic, η(ω) = ωτ .

2.1. Retained Coherence

The cross-coherence ψxy(l) between signals x(n) and
y(n) is

ψxy(l) =
∑∞
n=0 x(n− l)y(n)

[
∑∞
n=0 x

2(n) ·
∑∞
n=0 y

2(n)]
1
2
, (7)
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where the lag l is the time shift between the sig-
nals at which the coherence is evaluated. Note that
the cross-choerence between signals x(n) and y(n) is
their cross-correlation normalized by the geometric
mean of the signal energies. The maximum of the
cross-coherence over lag l,

ψ∗ = max
l
{ψxy(l)}, (8)

is an indication of the similarity between the signals
x(n) and y(n).

Here we use the maximum of cross-choerence be-
tween an HRTF and its minimum-phase version as
a means of quantifying the HRTF’s minimum-phase
content. This coherence maximum is called here the
retained coherence, denoted by ρ(θ, φ),

ρ(θ, φ) = max
l

{ ∑∞
n=0 hmp(n− l)h(n)∑∞

n=0 h
2(n)

}
(9)

where h(n) is the HRIR evaluated at azimuth θ and
elevation φ, and hmp(n) is its minimum-phase recon-
struction.

Note that since the cross-correlation is computed in
discrete time, its maximum value can be more pre-
cisely estimated by quadratically interpolating the
maximum [9]. If h(n) consists of a pure delay and
a minimum-phase sequence, the retained coherence
ρ(θ, φ) will be 1.0. Consequently, when the retained
coherence is close to 1.0, h(n) will be nearly identical
in shape to hmp(n).

To understand the properties of the retained coher-
ence in the presence of linear-phase and non-pure-
delay, consider a first-order allpass filter G(z) with
a simple pole at z = r and a zero z = 1/r,

G(z) =
−r + z−1

1− rz−1
. (10)

Fig. 2(a) shows impulse responses associated with
G(z) for different pole radii r. At the extreme cases
(r = 0 and r = 0.99), the impulse response is very
nearly an impulse, and the retained coherences are
very close to 1.0. On the other hand, impulse re-
sponses associated with immediate radii tend to be
dispersed over time, reducing the retained coher-
ences. For the first-order allpass filter G(z), the re-
tained coherence is given by

ρ = max(|r|, 1− r2), (11)

(a) Impulse responses

(b) Retained coherences

(c) Group delays

Fig. 2: The first-order allpass filter
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and the associated group delay is

τ(ω) =
1− r2

1− 2r cosω + r2
. (12)

The retained coherence is shown in Fig. 2(b), and
the associated group delay is shown in Fig. 2(c). At
r = 0, the group delay is a constant function, clearly
having a retained coherence of 1.0. At r = 0.99, even
though the group delay has a sharp peak, it is flat
for most of the band, and the retained coherence is
almost 1.0. On the other hand, moderate peaks in
the group delay such as at r = 0.62 correspond to
a low retained coherence, indicating that such non-
constant group delay features reduce retained coher-
ence.

2.2. HRTF Retained Coherence

Three sets of HRTF data were used to explore HRTF
phase. One set, “CCRMA HRTFs”, consists of eight
subjects we measured in the CCRMA recording stu-
dio using blocked meatus microphones as described
in [10]. Swept sinusoids similar to those described in
[11] were employed, with HRTFs measured every 15
degrees in azimuth and every 10 degrees in elevation,
ranging from −40 degrees to +40 degrees. The sec-
ond set, “Snapshot HRTFs”, consists of 23 subjects
measured using blocked meatus microphones. Im-
pulse responses were measured every 30 degrees in
azimuth and every 18 degrees in elevation, ranging
from −36 degrees to +54 degrees, using Golay codes
to measure the raw HRIRs. The third data set, “WK
HRTFs” by Wightman and Kistler at the Univer-
sity of Wisconsin-Madison, consists of five subjects
measured at 505 directions using open meatus mi-
crophones.

Example retained coherences for a single WK sub-
ject and a single CCRMA subject appear in Fig. 5
and 6. Note that most of the HRTF retained coher-
ences are above 0.9, and that the HRTFs retained
coherences below 0.9 are concentrated in the frontal
and ipsilateral directions.

Fig. 3 and 4 show histograms of the retained co-
herences for all measured subjects in the WK and
CCRMA data sets. As in the examples shown in
Fig. 5 and 6, the vast majority of the retained
coherences are above 0.9, while the open meatus
WK HRTFs result in slightly larger retained coher-
ences. Note that the distributions of retained co-
herence over azimuth and elevation exhibit similar

patterns between the WK and CCRMA data sets,
with the frontal and ipsilateral retained coherence
being somewhat lower than at other directions. It
should be noted that the Snapshot HRTF retained
coherence histograms, not shown here, show a sim-
ilar pattern with respect to arrival direction: they
have a similar but slightly lower average retained co-
herence compared with that of the blocked meatus
CCRMA HRTF set.

3. HRTF GROUP DELAY

3.1. Retained Coherence Interpretation

The retained coherence may be expressed as a
weighted sum of phase errors:

ρ = max
l

F−1
{
H(ω)H∗mp(ω)

}∑
ω
|H(ω)|2

 (13)

= max
l

[∑
ω

V (ω) cos(ωl − η(ω))

]
, (14)

where the weighting V (ω) is proportional to the
HRTF power at frequency ω,

V (ω) =
|H(ω)|2∑
ω
|H(ω)|2

. (15)

Note that the excess-phase is a linear function of
frequency η(ω) = ωl, the summation in (14) is max-
imized by setting l = τ , and a retained coherence
of 1.0 is obtained. In general, the retained coher-
ence is reduced from 1.0 in cases where the excess
phase deviates from a linear characteristic, and the
HRTF has energy at frequencies over which the devi-
ations occurs. This leads the idea that the similarity
between HRTFs and their minimum-phase counter-
parts can be found by examining the excess group
delay and the associated magnitude response.

3.2. HRTF excess group delay

HRTF excess group delays were computed for the
measured HRTFs. Many had non-constant excess
group delays at high frequencies, particularly those
at contralateral angles. Fig. 7 shows two typical ex-
cess group delays and magnitude responses, one at
an ipsilateral angle and the other at a contralateral
angle. The excess group delay in Fig. 7(a) is charac-
terized by a large narrow-bandwidth peak. There is
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Fig. 3: Distribution of retained coherence for
HRTFs measured with open meatus microphones

Fig. 4: Distribution of retained coherence for
HRTFs measured with blocked meatus microphones
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Fig. 5: Retained coherence for a single subject:
HRTF measured with open meatus microphones

Fig. 6: Retained coherence for a single subject:
HRTF measured with blocked meatus microphones
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a spectral notch at the same frequency, and therefore
the retained coherence remains close to 1.0. This
narrow-band feature likely results from an isolated
non-minimum-phase zero.

Similar regions of non-constant excess group delay
are found in Fig. 7(b). The sharp group delay peaks
correspond to spectral notches, such as the notch la-
beled “B” in Fig. 7(b), and therefore have little effect
on the retained coherence. Note that the notch la-
beled “C” corresponds to a region of constant group
delay, and, therefore, to a minimum-phase zero. An-
other feature type occasionally present is a broad
group delay peak corresponding to a region of mod-
erate spectral energy, such as the feature labeled “A”
in Fig. 7(b). In this case, the retained coherence is
reduced from 1.0.

4. SUMMARY

Retained coherence—the maximum of the cross-
coherence between an HRIR and its minimum-
phase version—was defined and used to evaluate
the minimum-phase content of HRTFs. HRTFs
were seen to be well-modeled by pure delays fol-
lowed by minimum-phase filters: a substantial ma-
jority of HRTFs had retained coherences greater
than 0.9, and rarely less than 0.8. A small difference
was noted between HRTF measurements made with
blocked meatus and open meatus microphones, with
the open meatus measurements producing some-
what greater retained coherences. HRTFs having
non-minimum-phase content were found in frontal
and ipsilateral directions. These HRTFs had non-
minimum-phase zeros at high frequencies rarely be-
low 8 kHz.
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